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ABSTRACT
School choicemechanisms have increased school segregation across

municipalities worldwide, with urban geography and proximity-

based admissions priorities restricting disadvantaged families’ fea-

sible choices. Quota-based approaches for reducing segregation

face computational intractability and can produce Pareto inferior

outcomes. Existing research suggests transportation significantly

influences school selection decisions. We propose a stable, student-

optimal matching mechanism that incorporates transportation di-

rectly into the allocation process, enabling eligible students from

disadvantaged areas to access expanded choice sets. Ourmechanism

extends deferred acceptance by allowing route-eligible students to

rank route-school tuples alongside individual schools, with these

students receiving priority equivalent to local students at served

schools. We prove that our mechanism terminates, produces sta-

ble matchings, and returns the student-optimal stable matching

when the student-oriented version is executed. Preliminary ex-

periments demonstrate lower dissimilarity indices compared to

standard deferred acceptance, suggesting potential for reducing

proximity-induced segregation while maintaining desirable match-

ing properties.
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1 INTRODUCTION
Municipalities across the world have implemented school choice

mechanisms to allocate students to schools with modest improve-

ments to school quality [11, 13, 15, 17, 22], but a significant increase

in school segregation [25], which is a compositional difference be-

tween schools whereby schools are stratified by factors such as
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socio-economic status of attending students. While the source of

the problem is context dependant, urban geography, and in partic-

ular induced demand for housing around popular schools, is a key

factor [14, 21].

Particularly in England, school admissions have strong geo-

graphic features. This is evident in the over-subscription criteria,

which is how a school prioritises seats if it receives more appli-

cations than it has capacity. Either implicitly or explicitly, these

criteria increase the priority of students nearest to the school and

restrict the feasible choices of disadvantaged families [7, 8]. This

can then result in socio-economic segregation of schools, a compo-

sitional difference between schools whereby schools are stratified

by factors such as socio-economic status of attending students.

Many such municipalities exist in England, municipalities with

established transport services that students might already use to

commute to school. However, to the best of our knowledge, no

municipality is currently utilising transport in allocation mecha-

nisms as part of the selection process, indeed the government offers

free school transport only to those eligible students who attend the

nearest suitable school [1].

Consider an example city with two schools, under a system of

school choice, with over-subscription criteria that increase priority

with proximity, finite capacities much smaller than the total popu-

lation of students in the city, and a robust transport network which

connects the schools to many students across the city. Suppose one

school has a very positive reputation, and the students with the

means, who understand how the allocation mechanism works, have

relocated to an area close to the school to maximise their chances

of being selected by the mechanism. Disadvantaged students are

displaced and live further away from this school as a consequence.

Disadvantaged students can ostensibly select either school in the

mechanism, but are de facto restricted from being accepted into the

good school due to their distance, even if they could easily access

the school via some sort of bus or train route. Under this system,

the schools would be segregated by the allocation mechanism.

Currently, many modern school choice implementations follow

the seminal work of Abdulkadiroğlu and Sönmez [3], who analysed

school choice with a matching theory lens. They proposed the appli-

cation of two celebrated mechanisms to the school choice problem:

deferred acceptance (presented by Gale and Shapley [12]) and top

trading cycles (presented by Shapley and Scarf [23]). The authors



identify key desiderata: stability, strategy-proofness, and Pareto-

efficiency. Both mechanisms are strategy-proof, and if deferred

acceptance mechanisms are run student-oriented they produce the

student optimal, stable matching - which is to say it is the Pareto

optimal stable matching outcome for student welfare.

While preserving stability, strategy-proofness, and student-optimality,

we contribute a novel algorithm that reduces school segregation and

expands the choice sets of disadvantaged students by integrating

transportation into the allocation directly, allowing disadvantaged

students to select schools connected to them by transport routes.

Transport routes have their own capacities independent of the

schools’ capacities to reflect the limits of the transport system in

reality. Selecting schools in this way allows students to overcome

the effects of geography to attend better schools.

2 RELATED LITERATURE
We focus especially on the inequities caused by the interaction of the

mechanism with municipal geography, as mentioned above. Since

housing and education infrastructure is relatively permanent, it

seems natural to consider how transportation interacts with school

choice. Where school and house locations are static, transportation

routes, stops and frequencies are dynamic and can be changed

to serve the needs of students. Below, we review the ways that

segregation and transportation have been approached in the school

choice literature.

2.1 Reducing segregation in school choice
The most common approach to reduce segregation by school choice

seems to be the use of quotas, pioneered by Abdulkadiroğlu and

Sönmez in their seminal work (referred to as controlled choice).

These techniques assign “types” to students that represent their

socio-economic status, ethnicity, gender, or any other attribute

subject to diversity considerations. Diversity is enforced through

minimum and maximum type quotas; ensuring a certain minimum

or maximum number of a given type of student is accepted, respec-

tively.

Building on this work, Kojima [19] proves that in a controlled

choice paradigm, no stable mechanism “respects the spirit of quota-

based affirmative action”
1
by showing that a stronger quota-based

affirmative action policy (reducing type-specific capacity for the

majority) can leave not just minority students, but all students

worse off. Similarly, they prove that there is no stable mechanism

that “respects the spirit of priority-based affirmative action”
2
by

showing that a stronger priority-based affirmative action policy

(leaving quotas alone but re-ordering school priority lists to increase

minority students’ rankings) can also result in a Pareto inferior

outcome for minority students.

Hafalir et al. [16] reinforce this finding by running simulations

which reveal that the scenarios described above are more than just

edge cases. They contribute a “minority reserves” policy that Pareto

dominates any stable matching produced by controlled choice and

1
“A matching mechanism 𝜙 is said to respect the spirit of quota-based affirmative
action if there are no markets G and G’ such that G’ has a stronger quota-based

affirmative action policy than G and 𝜙 (G’) is Pareto inferior to 𝜙 (G) for the minority.”

2
“A matching mechanism 𝜙 is said to respect the spirit of priority-based affirma-
tive action if there are no markets G and G’ such that G’ has a stronger priority-based

affirmative action policy than G and 𝜙 (G’) is Pareto inferior to 𝜙 (G) for the minority.”

is never strictly Pareto dominated by deferred acceptance without

affirmative action. They show this by considering the case where

a school reaches their majority quota under controlled choice and

has unfilled places - these under-full schools form blocking pairs

with students who are either unassigned or prefer that school to

their assigned school. They run an improvement algorithm which

assigns students to under-full schools until either no under-full

schools remain or no student would prefer an under-full school

to their assigned school (no more blocking pairs), and hence pro-

duce another stable matching outcome which Pareto dominates the

starting outcome.

However, solving instances of controlled choice can be intractable.

Huang [18] presents the following dichotomy: if the student types

are nested
3
, then the problem is solvable in polynomial time; how-

ever if there is a single student who has overlapping types then it

is NP-complete to decide whether there is a stable matching, even

with no lower type quotas. This is supported by Aziz et al. [5], who

show that checking both feasibility and stability is intractable for

an instance of controlled choice.

Chen et al. [9] take this a step further and show that in general,

deciding if a stable outcome exists for an instance of controlled

choice is Σ𝑃
2
complete - harder than NP.

2.2 Transportation and school choice
Trajkovski et al. [24] examine the effect of school bus provision on

the schools that parents choose. They find that school bus eligibility

makes parents more likely to select high quality schools that they

would not otherwise consider due to the disutility of the distance.

In some cases, it had a greater effect on choice than the quality of

the school.

Burdick-Will and Stein [6] analyse the effects of a natural exper-

iment in Baltimore City: the introduction of a new transportation

system with little public advertisement and how this affected res-

idents’ school choice behaviours. They find that students avoid

choosing schools with longer commutes or that require an addi-

tional transfer. It suggests that transport accessibility, independent

from distance alone, contributes significantly to a student’s decision

to select a school to attend.

Cordes and Schwartz [10], writing for the Urban Institute, a

non-profit, use data provided by the New York City Department

of Education to understand the role of school buses and public

transportation on students’ school choices. They find that students

who attend “choice schools” over neighbourhood schools, tend to

attend better schools, and those that do are more likely to do so by

using either school buses or public transportation.

Research by Angrist et al. [4] questions the financial viability

of maintaining subsidised transport for students in Boston and

New York City. They take advantage of random tie-breaking imple-

mented in the matching mechanisms in both Boston and New York

to estimate causal effects of non-neighbourhood enrolment. They

find non-neighbourhood enrolment significantly reduces school

3
e.g. out of a total capacity of 100, 50 must be type W and 50 type X, and given they

are type X, 25 must be type Y and 25 type Z, and given they are type W, 10 must be

type Y and 40 type Z BUT students who are both type X and Z do not impinge on

the quota for students who are type W and Z, which is to say, student types do not

overlap.



segregation but has small effects on test results and university

attendance.

Finally, Michailidis et al. [20] use an agent-based simulation

to investigate how school segregation under a central allocation

mechanism is affected by interventions in transport systems. They

find reducing segregation without transport is difficult, and that

transport interventions can reduce school segregation even if agents

have a moderate preference for schools with populations of same

agent types.

3 MODEL
Quota-based approaches to reducing segregation are computation-

ally hard [5, 9, 18]. In the UK, positive discrimination, such as

quotas, are prohibited under the Equality Act 2010 [? ]. The litera-
ture suggests transport strongly affects students’ choice-making,

therefore we attempt to incorporate transportation directly into

the allocation mechanism as a way to combat proximity-induced

segregation effects, without using quotas.

The mechanism takes disadvantaged zones, areas defined by

socioeconomic metrics such as high free school meal eligibility,

as one of its inputs. Students who live in these zones may have

the option to additionally select a combined transportation-school

tuple which bumps them into the same over-subscription priority

bracket as students who live in the actual or de-facto catchment

areas of schools served by the associated transport.

3.1 School choice
Our notation is inspired by Aziz et al. [5] where they describe:

Definition 3.1. An instance of school choice 𝐼𝑆 consists of the

tuple: (𝑆,𝐶, 𝑞𝐶 , 𝜒,≻𝑆 ,≻𝐶 ).

There are a set of students 𝑆 = {𝑠1, ..., 𝑠𝑛𝑆 } and schools 𝐶 =

{𝑐1, ..., 𝑐𝑛𝐶 } with each school’s capacity given by 𝑞𝑐 , held in a ca-

pacity vector 𝑞𝐶 = (𝑞𝑐 )𝑐∈𝐶 . Let 𝜒 = (𝑆 × 𝐶) ∪ (𝑆 × {∅}) denote
the set of possible matching outcomes, where 𝑆 × {∅} denotes the
outcome where a student remains unmatched or takes an outside

option like a private school. If a student ranks (𝑠, {∅}) above any
other preference it indicates that any preference below it is unac-

ceptable to them, effectively submitting an incomplete list. Finally

≻𝑆= {≻𝑠1 , ...,≻𝑠𝑛𝑆 } and ≻𝐶= {≻𝑐1 , ...,≻𝑐𝑛𝐶 } denote the set of strict
student preferences over𝐶 ∪ {∅} and strict school priorities over 𝑆 ,
respectively. A feasible matching 𝜇 ∈ 𝜒 is one which respects the

preferences and priorities of the students and schools, respectively,

and respects the capacities of schools. This means the matching

will not assign students to schools that are unacceptable to them,

and vice versa, and will not assign more students to a school than

the school’s capacity permits.

As mentioned in the introduction, Abdulkadiroğlu and Sönmez

[3] identify desirable properties of their proposed algorithms; de-

ferred acceptance is strategy-proof, and returns a stable matching

which is student-optimal if run student-oriented, and top trading

cycles is strategy proof, and returns a Pareto optimal matching. We

focus on the properties of deferred acceptance, since ourmechanism

extends this algorithm. We draw on [12] for the definition:

Definition 3.2. Amatching is stable if there exist no two students

𝑎 and 𝑏 who are assigned to schools 𝐴 and 𝐵 respectively, even

though 𝑏 prefers 𝐴 to 𝐵 and 𝐴 prefers 𝑏 to 𝑎.

The definition says that a matching is stable if no student and

schools who are unmatched mutually prefer each other to their

assigned partners, and is important in preventing a matching from

unravelling.

Definition 3.3. A matching is Pareto optimal if no participant

can improve their assignment without making at least one other

participant’s assignment worse. Similarly, a matching Pareto domi-

nates another if no participant receives a worse assignment and at

least one participant receives a better assignment.

Definition 3.4. A stable matching is student-optimal if there is

no other stable matching in which at least one student is matched

with a school they prefer more and no student is matched with a

school they prefer less. Alternatively, a matching is student-optimal

if it Pareto dominates all other stable matchings from the students’

perspective.

Definition 3.5. A mechanism is strategy-proof if no participat-

ing student can improve their outcome by misrepresenting their

preferences.

We make the assumption that schools cannot misrepresent their

priorities because they are legally required to publish them, and

thus their priorities are publicly known by all students. Eliciting

a truthful preference from students is desirable for many reasons

[2] including easier explanation of the mechanism to participants,

and hence less chance of disadvantaged students being penalised

by information asymmetries.

3.2 School choice with transportation
In this section we will build up our problem instance.

Definition 3.6. A disadvantaged area is an area of a city within

which the relative rates of depravation are high, as given by appro-

priate socioeconomic metrics, e.g. eligibility for free school meals.

Definition 3.7. A route is a transport service with a finite capacity

that connects a disadvantaged area to a school. Each route serves

exactly one school and one disadvantaged area.

Definition 3.8. A student is eligible for a route if they live in a

disadvantaged area that is served by that route.

We now define what we mean by an instance of school choice

with transportation:

Definition 3.9. An instance 𝐼𝑇 of school choice with transporta-

tion consists of the tuple:

(𝑆,𝐶, 𝐷, 𝐷𝐷 , 𝑓 : 𝑆 → 𝐷, 𝑅, 𝑞𝐶 , 𝑞𝑅, 𝜒,≻𝑆 ,≻𝐶 ).
• 𝑆 and 𝐶 are finite and disjoint sets of students and schools,

respectively: 𝑆 = {𝑠1, ..., 𝑠𝑛𝑆 },𝐶 = {𝑐1, ..., 𝑐𝑛𝐶 }.
• 𝐷 is the set of districts in the city 𝐷 = {𝑑1, ..., 𝑑𝑛𝐷 }.
• 𝐷𝐷 ⊂ 𝐷 is the set of disadvantaged areas𝐷𝐷 = {𝛿1, ..., 𝛿𝑛𝐷𝐷

}.
• 𝑓 : 𝑆 → 𝐷 is a function that maps each student 𝑠 to the

district that they live in.

• 𝑅 ⊆ 𝐶×𝐷𝐷 is the set of routes. A route 𝑟𝑖 = (𝑐 𝑗 , 𝛿ℓ ) connects
school 𝑐 𝑗 to the disadvantaged areas 𝛿ℓ .



• Each school 𝑐 has a capacity 𝑞𝑐 and each route 𝑟𝑖 has a capac-

ity 𝑝𝑖 , with the capacity vector of all school capacities being

𝑞𝐶 = (𝑞𝑐 )𝑐∈𝐶 and the capacity vector of all route capacities

being 𝑝𝑅 = (𝑝𝑖 )𝑟𝑖 ∈𝑅 .
• Each match 𝑥 can be between a student and a school directly

𝑥 = (𝑠, 𝑐), between a student and a school via the route

that joins them 𝑥 = (𝑠, 𝑐, 𝑟 ), or between a student and the

outside option 𝑥 = (𝑠, {∅}). Let 𝜒 = (𝑆 ×𝐶) ∪ (𝑆 ×𝐶 × 𝑅) ∪
(𝑆 × {∅}) denote the set of available matches, where (𝑠, ∅)
represents being unmatched (or selecting an outside option

like homeschooling or private school).

• Let ≻𝑆= {≻𝑠1 ,≻𝑠2 , ...,≻𝑠𝑛𝑆 } denote the set of all student pref-
erences. Each route-eligible student 𝑠 → 𝛿 has a strict pref-

erence ordering ≻𝑠→𝛿 over (𝑅 ×𝐶) ∪𝐶 ∪ {∅}, that is, over
schools and (route, school) tuples. Each route-ineligible stu-

dent 𝑠 → 𝑑 ∉ 𝐷𝐷 has a strict preference ordering ≻𝑠→𝑑∉𝐷𝐷

over 𝐶 ∪ {∅}. An option is acceptable to 𝑠 if they prefer it to

{∅}.
• Let ≻𝐶= {≻𝑐1 ,≻𝑐2 , ...,≻𝑐𝑛𝐶 } denote the set of all school pri-
orities. Each school 𝑐 has a strict priority ordering ≻𝑐 over
(𝑅 × 𝑆) ∪ 𝑆 , that is, over students and (route, student) tuples.

School over-subscription priorities are divided into 2 overall

priority brackets:

(1) Route ineligible students within a certain distance of a school
selecting that school without transport AND route eligible
students in a disadvantaged area selecting that school with
transport,

(2) all other students.

Ties within the brackets are broken by proximity to the school. A

matching 𝜇 ∈ 𝜒 for an instance of school choice with transportation

is feasible if:

• it respects the school and route capacities 𝑞𝐶 and 𝑞𝑅 respec-

tively. This means no school and no route is assigned more

students than its stated capacity.

• (𝑠𝑖 , 𝑐 𝑗 ) ∈ 𝜇 only if 𝑠𝑖 and 𝑐 𝑗 are mutually acceptable to each

other;

• (𝑠𝑖 , 𝑐 𝑗 , 𝑟𝑘 ) ∈ 𝜇 only if 𝑟𝑘 = (𝑐 𝑗 , 𝛿ℓ ) where 𝑓 (𝑠𝑖 ) = 𝛿ℓ ; which is

to say, student 𝑠𝑖 is mapped to the disadvantaged area that

the route 𝑟𝑘 connects to school 𝑐 𝑗 .

Consider again the example from the introduction. With the

above framework, students who live close to the school will receive

priority, but distant students who are eligible for route-selection

receive equivalent priority.

3.3 Deferred acceptance with Transportation
(DAT)

Our mechanism is an extension of the deferred acceptance mecha-

nism [12] that takes an instance of school choicewith transportation

and outputs a matching 𝜇 ⊆ 𝜒 . We present the algorithm used in

deferred acceptance with transportation mechanism below.

Route-school tuples are given by the notation 𝑎𝑖, 𝑗 = (𝑟𝑖 , 𝑐 𝑗 ),
where 𝑟𝑖 is a route which serves 𝑐 𝑗 . Each tuple can contain exactly

one route and school. Route-student tuples are given by the notation

𝑏𝑖,𝑘 = (𝑟𝑖 , 𝑠𝑘 ) where 𝑟𝑖 is the route that serves the disadvantaged

area where 𝑠𝑘 lives. Each tuple can contain exactly one route and

student.

We assume that students only rank (route, school) tuples where

they are eligible for that route. This can be enforced through a

polynomial-time pre-processing algorithm that scans the provided

preference lists and removes all ineligible tuples.

Algorithm 1 Deferred Acceptance with Transportation (DAT).

Takes as input an instance of school choice with transportation

𝐼𝑆 = (𝑆,𝐶, 𝐷, 𝐷𝐷 , 𝑓 : 𝑆 → 𝐷, 𝑅, 𝑞𝐶 , 𝑞𝑅, 𝜒,≻𝑆 ,≻𝐶 )
and returns a matching 𝜇.

𝜇 ← ∅
𝑓 𝑟𝑒𝑒 ← 𝑆

while some student 𝑠𝑛 ∈ 𝑓 𝑟𝑒𝑒 do
if ≻𝑠𝑛 is empty then 𝑓 𝑟𝑒𝑒\𝑠𝑛
end if
𝑠𝑛 proposes to their top preference (𝑐 𝑗 or 𝑎𝑖, 𝑗 )

if proposing to 𝑎𝑖, 𝑗 then 𝜇 = 𝜇 ∪ {𝑏𝑖,𝑛, 𝑎𝑖, 𝑗 } and 𝑓 𝑟𝑒𝑒\𝑠𝑛
if route 𝑟𝑖 at capacity then 𝜇 = 𝜇\{𝑏𝑖,𝑘 , 𝑎𝑖, 𝑗 } and ≻𝑠𝑘=≻𝑠𝑘

\𝑎𝑖, 𝑗 and 𝑓 𝑟𝑒𝑒 ← 𝑠𝑘 ⊲ 𝑏𝑖,𝑘 = (𝑟𝑖 , 𝑠𝑘 ) is lowest priority
else if school 𝑐 𝑗 at capacity then

if lowest priority is some 𝑏ℓ,𝑚 then 𝜇 = 𝜇\{𝑏ℓ,𝑚, 𝑎ℓ, 𝑗 }
and ≻𝑠𝑚=≻𝑠𝑚 \𝑎𝑖, 𝑗 and 𝑓 𝑟𝑒𝑒 ← 𝑠𝑚

else if lowest priority is some 𝑠𝑚 then 𝜇 = 𝜇\{𝑠𝑚, 𝑐 𝑗 }
and ≻𝑠𝑚=≻𝑠𝑚 \𝑐 𝑗 and 𝑓 𝑟𝑒𝑒 ← 𝑠𝑚

end if
end if

else if proposing to 𝑐 𝑗 then 𝜇 = 𝜇 ∪ {𝑠𝑛, 𝑐 𝑗 }
if school 𝑐 𝑗 at capacity then

if lowest priority is some 𝑏ℓ,𝑚 then 𝜇 = 𝜇\{𝑏ℓ,𝑚, 𝑎ℓ, 𝑗 }
and ≻𝑠𝑚=≻𝑠𝑚 \𝑎𝑖, 𝑗 and 𝑓 𝑟𝑒𝑒 ← 𝑠𝑚

else if lowest priority is some 𝑠𝑚 then 𝜇 = 𝜇\{𝑠𝑚, 𝑐 𝑗 }
and ≻𝑠𝑚=≻𝑠𝑚 \𝑐 𝑗 and 𝑓 𝑟𝑒𝑒 ← 𝑠𝑚

end if
end if

end if
end while

The algorithm starts with an empty matching. While there is

a student 𝑠 who is free and has not proposed to every school or

(route,school) tuple in their preference list, 𝑠 proposes to the next

school or (route,school) tuple in their list. After proposing, 𝑠 is tenta-

tively matched with their top preference, and removed from the list

of free students. The algorithm first checks if the student proposed

with a route, and if they did, it then checks the route capacity. If

the route has reached capacity, then the algorithm finds the low-

est priority student who applied with the same route to the same

school and removes them from the matching. The removed student

then removes that (route,school) tuple from their preference list

and will not apply to it in future iterations. If the route has capacity

but the school does not, the lowest student or (route,student) tuple

is removed from the matching, and removes the appropriate school

or (route,school) tuple from its preference list, respectively.

If 𝑠 applied without a route, the algorithm checks the school’s

capacity and if the school is at capacity then the lowest student or

(route,student) tuple is removed from the matching, and removes



the appropriate school or (route,school) tuple from its preference

list, respectively, same as above. If a student is matched or

In our running example, let us say that the students in the good

school’s catchment area choose to apply to that school as before,

but the distant, and now route-eligible, disadvantaged students also

choose to apply to the good school, via the transport tuple: the

mechanism ensures that those distant students will have an equal

chance of getting in - as long as they select the transport option.

As we have already mentioned, school choice mechanisms can

segregate schools through their over-subscription priorities. We

have presented a mechanism which attempts to address this prob-

lem by allowing distant, disadvantaged students to increase their

chances of attending a desirable school. In the following sections

we present first some theoretical results for the properties of our

mechanism, and then some preliminary experimental results from

simulations.

3.4 Theoretical results
Theorem 3.10. Deferred acceptance with transportation termi-

nates in polynomial time.

Proof. Consider an instance of school matching with trans-

portation. We refer to schools or route-school tuples as objects:

(1) The number of students and schools, the length of the pref-

erence and priority lists, and the school and route capacities

are all finite.

(2) Students propose to objects in order of preference. If they

are accepted by an object they will not propose again unless

they are unmatched with that object at a later stage. If they

are unmatched later, they will not propose to objects that

they have been unmatched with, so their preference lists will

be weakly decreasing with every iteration of the algorithm.

□

Theorem 3.11. Deferred acceptance with transportation returns a
stable matching.

Proof. Take any pair of student 𝑠 and [school 𝑐 OR tuple (𝑟, 𝑐)]
who are acceptable to each other and not matched together in 𝜇

after termination of the algorithm. In the case of tuple (𝑟, 𝑐) suppose
that 𝑟 connects 𝑠’s district to school 𝑐 , and thus 𝑠 is eligible for 𝑟 .

Suppose that 𝑠 prefers [𝑐 OR (𝑟, 𝑐)] to 𝜇 (𝑠) , and hence 𝑠 must

have applied to [𝑐 OR (𝑟, 𝑐)] before applying to 𝜇 (𝑠). In the case

where 𝜇 (𝑠) is empty, the student 𝑠 must be unmatched, and hence

must have exhausted their entire preference list before ending up

unmatched.

Since 𝑠 is not matched to [𝑐 OR (𝑟, 𝑐)] when the algorithm ter-

minates:

• IF 𝑠 is NOT eligible for 𝑟 : either 𝑠 applied to 𝑐 , was accepted

and then later rejected by 𝑐 in favour of a higher priority

student/routed student, OR 𝑐 was already at capacity at the

point of application and was rejected as the lowest priority

student/routed student.

• ELSE IF 𝑠 IS eligible for 𝑟 and ONLY applied to (𝑟, 𝑐); either:
– 𝑠 applied to (𝑟, 𝑐), was accepted and was later rejected

from 𝑟 (and since 𝑟 only serves 𝑐 is therefore also rejected

from 𝑐) in favour of a higher priority student routed to 𝑐 ,

OR 𝑟 was already at capacity at the point of application

and 𝑠 was rejected as the lowest priority student routed

to 𝑟 ,

– OR 𝑠 applied to (𝑟, 𝑐), was accepted and later rejected from
𝑐 in favour of a higher priority student/routed student, OR

𝑐 was already at capacity at the point of application and

was rejected as the lowest priority student/routed student.

• ELSE IF 𝑠 IS eligible for 𝑟 and applied to BOTH (𝑟, 𝑐) AND 𝑐 ;

BOTH:

– 𝑠 applied to (𝑟, 𝑐), was accepted and was later rejected

from 𝑟 (and therefore also 𝑐) in favour of a higher priority

routed student, OR 𝑟 was already at capacity at the point

of application and 𝑠 was rejected as the lowest priority

routed student,

– AND 𝑠 applied to 𝑐 , was accepted and was later rejected by

𝑐 in favour of a higher priority student/routed student, OR

𝑐 was already at capacity at the point of application and

was rejected as the lowest priority student/routed student.

□

Akey aspect of the stability of our algorithm is the order in which

the over-subscription is resolved in the case where both school

and route are oversubscribed: as long as route over-subscription is

resolved first, school over-subscription is resolved simultaneously

and the number of remaining seats at a school can only weakly
decrease with each step of the algorithm.

Because of this, the lowest priority student in a school’s preference
list can only weakly improve. Hence, the cases above hold not only

at the point of rejection, but at the termination of the algorithm.

Below are examples that showcase the above statements:

Example 3.12. Consider the case:
School Priorities

𝑐1 (𝑟1, 𝑠4), (𝑟1, 𝑠5), (𝑟1, 𝑠6), 𝑠3, (𝑟1, 𝑠7)
where 𝑐1 has a capacity of 3 and 𝑟1 has a capacity of 2.

If the students propose in the reverse order of school 𝑐1’s priority

list, then we see that:

(1) (𝑟1, 𝑠6), 𝑠3, (𝑟1, 𝑠7) are initially assigned to 𝑐1,

(2) (𝑟1, 𝑠5) applies and displaces (𝑟1, 𝑠7) since 𝑟1 has reached

capacity (as well as 𝑐1) and (𝑟1, 𝑠7) is the lowest priority:
• 𝑟1 and 𝑐1 reach capacity simultaneously, but since the

lowest priority item, (𝑟1, 𝑠7), is simultaneously the lowest

priority item in 𝑐1’s priority list and the lowest priority

routed student, the order in which the overcapacity prob-

lem is solved does not matter.

(3) (𝑟1, 𝑠4) applies and now there is a problem: both 𝑟1 and 𝑐1
are already at capacity, and the order in which the over-

subscription is resolved is important:

• If 𝑐1’s over-subscription is resolved first, then 𝑠3 will be

rejected from the school, after which (𝑟1, 𝑠6) will be re-

jected from both route and school, resulting in the final

allocation 𝑐1 : (𝑟1, 𝑠4), (𝑟1, 𝑠5), leaving the school under-
subscribed, but importantly violating one of the principles

that guarantees termination and stability: that schools

only “trade up.”

• On the contrary, if the route over-subscription is resolved

first, then only (𝑟1, 𝑠6) will be rejected from both route and



school, which satisfies both capacity conditions simultane-

ously, and the final allocationwill be: 𝑐1 : (𝑟1, 𝑠4), (𝑟1, 𝑠5), 𝑠3.
Example 3.13. Consider the next case where the priority list is

prepended with 𝑠1, 𝑠2, who are local students in the upper priority

bracket.

School Priorities

𝑐1 𝑠1, 𝑠2, (𝑟1, 𝑠4), (𝑟1, 𝑠5), (𝑟1, 𝑠6), 𝑠3, (𝑟1, 𝑠7)
After following the same procedure as above, 𝑠1, 𝑠2 now apply to

𝑐1 in reverse order as before, displacing first 𝑠3, then (𝑟1, 𝑠5). This
will leave 𝑟1 undersubscribed. However, this is not an issue here

because there are no students, routed or otherwise who have a

higher priority than the assigned students, and that would be able

to change the assignment, as all other acceptable students have

already been rejected, and they cannot re-apply later.

Theorem 3.14. Deferred acceptance with transportation is student
optimal.

Proof. We show that no student is rejected by an achievable

object and so the algorithm returns the student optimal stable

matching.

Suppose the algorithm is at iteration 𝑖 and no student has been

unmatched with an object that is achievable to them:

(1) At this iteration 𝑖 suppose route 𝑟 , which serves only school

𝑐 is at capacity and student 𝑠 who applied to 𝑐 with route 𝑟

(henceforth called (𝑟, 𝑠)), is rejected from both 𝑟 and 𝑐 :

• If (𝑟, 𝑠) is rejected in favour of (𝑟, 𝑠′), then (𝑟, 𝑠) is lower
in 𝑐’s priority list than (𝑟, 𝑠′).
• Since there have been no rejections up until this iteration,

and students apply to their top preferences first in the

algorithm, we know that (𝑟, 𝑠′) prefers 𝑐 over all other

schools.

• If we consider a matching 𝜇 where (𝑟, 𝑠) is matched to 𝑐

and all other students are matched to achievable objects,

we know it will be unstable since (𝑟, 𝑠′) prefers 𝑐 to its

current partner, and 𝑐 prefers (𝑟, 𝑠′) to (𝑟, 𝑠).
• Hence, there is no stable matching where (𝑟, 𝑠) is matched

to 𝑐 , and so they are unachievable for each other.

(2) Else at this iteration suppose school 𝑐 is at capacity and

rejects student 𝑠 or (𝑟, 𝑠).
• If 𝑠 or (𝑟, 𝑠) is rejected in favour of 𝑠′ or (𝑟, 𝑠′), then 𝑠 or

(𝑟, 𝑠) is lower in 𝑐’s priority list than either of 𝑠′ or (𝑟, 𝑠′).
• Clearly 𝑠′ or (𝑟, 𝑠′) prefer 𝑐 over all other schools since stu-
dents apply to their top preferences first in the algorithm,

and no student has been rejected as of iteration 𝑖 .

• If we consider a matching 𝜇′ where 𝑠 or (𝑟, 𝑠) is matched to

𝑐 and all other students are matched to achievable objects,

we know it will be unstable since 𝑠′ or (𝑟, 𝑠′) prefers 𝑐 to
its current partner, and 𝑐 prefers 𝑠′ or (𝑟, 𝑠′) to 𝑠 or (𝑟, 𝑠).
• Hence, there is no stable matching where 𝑠 or (𝑟, 𝑠) is
matched to 𝑐 , and so they are unachievable for each other.

□

4 EXPERIMENTAL RESULTS
We hypothesise that in a school choice setting with transportation,

our mechanism will reduce school segregation caused by proximity-

based over-subscription. Of course if a setting allows many (school,

district) routes, e.g. between every good school and every disadvan-

taged area as an extreme case, segregation will reduce. However,

transportation is costly and adds to congestion and pollution. There-

fore, our ultimate aim is to investigate the relationship between a

limited number of (school, district) routes, reduction in segregation,

and the number of car trips displaced by a single route.

In this section we provide our preliminary results. We design a

simulation that replicates the environment in which these problems

occur. As in our running example, in this environment advantaged

students are clustered around the best schools, and disadvantaged

students are forced further out to the periphery. We assume that

the environment contains transportation infrastructure that can be

utilised by the students.

Experiments were carried out on a two dimensional grid environ-

ment, with distances between points calculated by the Manhattan

distance:

𝑑𝑀 (𝑎, 𝑏) =
𝑛∑︁
𝑖=1

|𝑎𝑖 − 𝑏𝑖 |

where n = 2, and 𝑎 and𝑏 are two points on the grid.We choose to use

a grid with Manhattan distance for simplicity of implementation.

schools were placed randomly on the grid with a minimum distance

condition to stop them from overlapping. Each school has a quality

attribute, and a catchment area, as well as a maximum capacity.

Students have a socio-economic attribute that divides them into

high and low types to represent advantaged and disadvantaged

students, respectively. They were placed on the grid according to

their socio-economic attribute, with high type students being highly

likely to appear in the catchment areas of high quality schools.

Disadvantaged zones were placed such that they did not overlap

with the catchment areas of schools with a quality attribute above

0.5 and routes were assigned to connect each zone to each school.

Students rank schools proportional to school quality, and in-

versely proportional to the travel distance to the school. If a student

lives in the catchment area of a school, it ranks that school higher in

their preference list. If a student is eligible for a route that connects

them to a school, they will rank that route-school tuple higher than

the same school without a route, and also higher overall. Schools

rank students based on the priority brackets introduced in section

3.3, and ties are broken based on proximity.

Using the above as input, we applied both deferred acceptance

and deferred acceptance with transport to match 200 students to

10 schools with 3 disadvantaged areas. Each disadvantaged area

provides a potential route to each school for a total of 30 possible

routes. All colleges have their capacities set to 30, theminimum class

size per teacher for primary schools in the UK, and all routes have

a capacity of 30. Fig 1 shows the difference between mechanisms

for the same instance. From the figure we see that almost all of the

students in disadvantaged zones took advantage of the routes, and

those that did all ended up matched to higher quality schools. To

attend those schools, the students collectively only used 6 routes

even though 30 were available for students to use.

We use the dissimilarity index as a measure of school integration

to compare algorithms:

𝐷 =
1

2

𝑁∑︁
𝑖=1

���� 𝑙𝑖𝐿 − ℎ𝑖

𝐻

���� (1)



Figure 1: Map of a simulated municipal area. Numbers below
the school name display the quality attribute. Green lines
indicate allocations made with routes, blue lines indicate
high type student allocations and red lines indicate low-type
student allocations.

where 𝑙𝑖 denotes the population of low-type students matched to

school i, L is the total population of low-type students, ℎ𝑖 denotes

the population of high-type students matched to school i, and H

is the total population of high-type students. A dissimilarity index

of 0 indicates perfect integration, and an index of 1 indicates per-

fect segregation. The simulation was run 100 times and the mean

dissimilarity index for deferred acceptance with routes was 3.78

percentage points lower than for deferred acceptance, indicating a

lower average dissimilarity across schools, shown in fig.2.

Figure 2: Dissimilarity index of Deferred acceptance vs De-
ferred acceptance with Transport. Results gathered over 100
iterations.

5 FUTUREWORK
First and foremost, we plan to enrich our simulations and experi-

ments to investigate the relationship between the number of routes,

reduction in segregation, and the number of car trips displaced by

a single route (to estimate the effect our mechanism may have on

urban emissions and congestion). To extend this idea further, the

problem could be recast as a graph optimisation problem, where

the optimal placement of transport routes could be explored under

the mechanism to see how it affects school segregation, and urban

emissions and congestion.

We plan to apply the deferred acceptance with transport mecha-

nism to a set of inputs informed by real municipal areas, and data

collected on preferences made there, to improve the accuracy of

our simulation. The problem instance can be extended to include

routes that serve multiple schools or disadvantaged areas with a

shared route capacity, and we plan to investigate the effects on

the mechanism’s computational complexity. The mechanism does

not take into account the three choice limit that is often imposed

on school choice in England, which may induce agents to misrep-

resent their preferences. It would be interesting to study how it

affects our mechanism’s properties, and if the mechanism remains

strategy-proof.
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